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Abstract
In this paper, based on the notion of plane wave string/gauge theory duality,
we explore the pp wave limit associated with the bosonic sector of η deformed
superstrings propagating in (AdS5×S5)η. Our analysis reveals that in the presence
of NS-NS and RR fluxes, the pp wave limit associated to full ABF background
satisfies type IIB equations in its standard form. However, the beta functions as
well as the string Hamiltonian start receiving non trivial curvature corrections as
one starts probing beyond pp wave limit which thereby takes solutions away from
the standard type IIB form. Furthermore, using uniform gauge, we also explore
the BMN dynamics associated with short strings and compute the corresponding
Hamiltonian density. Finally, we explore the Penrose limit associated with the HT
background and compute the corresponding stringy spectrum for the bosonic sector.
1 Overview and Motivation
Two major obstructions towards understanding the celebrated AdS/CFT duality was the
difficulty in the computation of anomalous dimensions associated with non BPS operators
in the regime of strong coupling and the quantization of strings in AdS5 × S5 in the
presence of RR five forms. However, there exists a miraculous way out to this problem
namely, taking a specific limit [1] on both sides of the duality that simplifies the problem
enormously. On the string theory side, this limit is achieved by considering strings that
are boosted with the light like momentum along one of the isometry directions of S5
and thereby taking the so called Penrose limit around this null trajectory [1]-[23]. The
resulting geometry turns out to be manifestly invariant under SO(4)×SO(4) symmetry of
eight transverse directions together with the isometry along the time and the other angular
direction. The last two isometries correspond to conserved charges like the energy (wn)
and the angular momentum (J) associated with the string states. On the gauge theory
side, on the other hand, the large value of J corresponds to large R- charge associated
with single trace operators of the form, O ∼ tr[ZJ ] where Z is some (complex) composite
operator associated with the dual field theory [1]. Typically, the claim of the AdS/CFT
duality is that at least for the planar limit, the energy associated with stringy excitations
corresponding to a large value of J should be in one to one correspondence to that with
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the anomalous dimension associated with heavy nearly BPS like operators O in the dual
gauge theory. In other words, the spectrum on the both sides of the duality should match.
The purpose of the present article is to address the above mentioned issues in the
context of η deformed superstrings [24]-[33] discovered in the recent years. The η de-
formation could be interpreated as a consistent way of q (∈ R)-deforming the S matrix
corresponding to AdS5×S5 superstrings. At the level of the classical string sigma model,
the deformation parameter is introduced in the form of the so called Yang-Baxter (YB)
deformations where the classical R matrix satisfies the modified YB equation. The ques-
tion that we are interested here is whether the target space corresponding to η deformed
supercosets could have any AdS/CFT like interpretations in terms of some (local) observ-
ables associated with quantum field theories in general. However, for the most purposes
of the analysis, we stick to the stringy sector of the duality.
We start our analysis, in Section 2, by formally constructing the pp wave limit corre-
sponding to η deformed AdS5 × S5 superstrings. Our analysis reveals that the pp wave
limit associated with the bosonic sector of the full superstring sigma model falls into
one to one correspondence to that with the corresponding pp wave limit of AdS5 × S5
superstrings [1] (in the presence of the RR five form (F5) couplings) except for a trivial
rescaling of the mass of the world-sheet scalars,
µˆ = µ
(1 + η2)
(1− η2) (1)
that eventually modifies the spectrum,
wn = µˆ
√
1 +
λ
(η)
D n
2
J2
; λ
(η)
D = λˆ
(1− η2)4
(1 + η2)4
(2)
in the limit, J → ∞. Here, λˆ is the modified t’Hooft coupling in the theory with η
deformations [30]. It turns out that the Killing vector field [29] modifying the standard
type IIB equations eventually becomes a constant and its effect on the corresponding beta
functions is simply washed away in the pp wave limit. However, the Killing vector field
starts receiving non trivial corrections beyond the pp wave limit which leads towards a
deviation from the standard type IIB structure. Next, we go beyond the pp wave limit
and compute the leading 1/J corrections to the Hamiltonian associated with the bosonic
sector of the string sigma model.
In Section 3, we work out the Hamiltonian formulation for η deformed superstrings
using the notion of uniform gauge [18]-[20] and in particular obtain the corresponding
plane wave Hamiltonian expressed in terms of the effective coupling (λˆ) and the angular
momentum (J). In other words, we exploit the gauge freedom of the associated sigma
model in order to set the world-sheet time (τ) equal to that of the target space time (t) and
one of the canonical momenta to that with the R symmetry generator (J) in the dual field
theory [20]. Our analysis reveals that for short fluctuating strings propagating along the
null geodesic on S5, one indeed obtains the η corrected (bosonic) pp wave Hamiltonian that
depends on the perturbative coupling, λˆ
J2
and reduces correctly to that of the Hamiltonian
corresponding to AdS5 × S5 superstrings [20] in the limit of the vanishing deformation.
In Section 4, we explore the pp wave limit of HT background [28] that is related to the
ABF background [26] via T duality transformations. The HT background is special in the
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sense that it satisfies the standard type IIB equations and the corresponding world-sheet
theory is therefore Weyl invariant. However, our analysis reveals that unlike the case
with the η deformations, four out of the eight scalar d.o.f receive mass in the pp wave
limit of the HT background and the resulting equations of motion are quite non trivial
in general. However, the dynamics gets simplified at a scale, L  µ−1 and all the scalar
modes essentially get decoupled and the theory could be solved in principle.
Finally, we draw our conclusion in Section 5.
2 Deformations of AdS5 × S5
The purpose of this Section is to discuss the spectrum associated with the bosonic sector
of the full η deformed AdS5×S5 superstring sigma model on the plane wave background.
We start our analysis with a formal discussion on the generalized type IIB solutions [29]
and then move over towards the rigorous construction of the pp wave limit following
the systematic methodology developed for type IIB superstrings [1] in order to compute
the corresponding stringy spectrum associated with the bosonic sector. We leave the
corresponding analysis for fermions for future purposes.
2.1 The supergravity background
Finding a standard type IIB solution corresponding to η deformed AdS5×S5 string sigma
model had remained as a puzzle since its very beginning. In [28], the authors had shown
that T dualizing the six isometric (bosonic) directions of η deformed AdS5 × S5 solution
one might formally end up in a type IIB solution which might be regarded as being that
of the one parameter deformation of the standard AdS5 × S5 solution obtained via T
duality. However, the resulting dilaton contains terms linear in isometric coordinates that
precludes one to T dualize back into the original η deformed solution. Finally, as a non
trivial check, one can show that in the limit of the vanishing deformation it is indeed
possible to T dualize back to the original AdS5 × S5 solution.
Although η deformation preserves the fermionic kappa symmetry for the worldsheet
theory, the corresponding target space fails to satisfy the standard type IIB equations [29].
It was pointed out in [29] that the kappa invariance of the η model imposes constraints
on the 10d target space which leads to the generalized type IIB supergravity equations
(corresponding to NS-NS fields) of the following form1 [29],
Rab − 1
4
HacdH
cd
b = −DaXb −DbXa
1
2
DkHkab = X
kHkab +DaXb −DbXa
R− 1
12
H2abc + 4DaX
a − 4XaXa = 0 (3)
that follows from the scale invariance of the superstring sigma model. Here, the vector
Xa = Ia + Za is intimately related to the associated Weyl invariance of the wroldsheet
1In the presence of RR fields these generalised equations (3) receive additonal F2 contributions to-
gether with a set of second order equations corresponding to RR fields namely, F = eΦF [29].
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theory that satisfies the following equations [33],
DaIb +DbIa = 0, I
kHkab +DaZb −DbZa = 0, IaZa = 0. (4)
The dilation of the standard type IIB solution is included in,
Za = ∂aΦ + Ua (5)
which clearly reproduces the standard type IIB equations provided, Ia = 0 and Ua = 0.
The Weyl invariance associated with the η deformed worldsheet theory yields a constant
one loop beta function for the dilaton which is supposed to be zero in a critical string
theory. In the subsequent analysis of this paper, we show a nice way out to all of these
issues by taking the so called pp wave limit of the η deformed string sigma model that
eventually turns out to be a critical string theory defined over a type IIB background.
2.2 The pp wave background
2.2.1 Formal construction
The purpose of this Section is to explore the Penrose limit corresponding to η deformed
AdS5 × S5 superstring sigma model following the standard prescription as in the case
for the usual AdS5 × S5 superstrings [1]. In this part of our analysis, we focus only on
the NS-NS sector of the full superstring spectrum and consider stringy dynamics over
(AdS5 × S5)η with NS fluxes. The background that is relevant for our analysis could be
formally expressed in the so called global coordinates as2 [26],
ds2(AdS5)κ = L
2
(
− 1 + %
2
1− κ2%2dt
2 +
d%2
(1 + %2)(1− κ2%2) +
%2dζ2
1 + κ2%4 sin2 ζ
)
+
L2%2 cos2 ζ
1 + κ2%4 sin2 ζ
dψ21 + L
2%2 sin2 ζdψ22
ds2(S5)κ = L
2
(
1− r2
1 + κ2r2
dψ2 +
dr2
(1− r2) (1 + κ2r2) + r
2 sin2 ξ dφ22
)
+
L2r2
1 + κ2r4 sin2 ξ
(
dξ2 + cos2 ξ dφ21
)
B2AdS5 =
L2κ
2
(
%4 sin 2ζ
1 + κ2%4 sin2 ζ
dψ1 ∧ dζ + 2%
1− κ2%2dt ∧ d%
)
B2S5 = −κL
2
2
(
r4 sin 2ξ
1 + κ2r4 sin2 ξ
dφ1 ∧ dξ + 2r
1 + κ2r2
dψ ∧ dr
)
. (6)
One should notice that the last two terms in the expansion for the B field (6) are the
total derivative terms. These terms are therefore not important as far as the dynamics
is concerned and one might therefore drop their contributions in the various subsequent
expressions as well.
In order to proceed further, we set,
% = 0, r = sin θ (7)
2Notice that the parameter κ is related to the original deformation parameter η as, κ = 2η1−η2 [26].
Henceforth we will denote our deformation parameter as κ.
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which yields the following metric together with the background B field,
ds2(R×S5)κ = L
2
(
−dt2 + cos
2 θ
1 + κ2 sin2 θ
dψ2 +
dθ2
1 + κ2 sin2 θ
)
+
L2 sin2 θ
1 + κ2 sin4 θ sin2 ξ
(
dξ2 + cos2 ξ dφ21
)
+ L2 sin2 θ sin2 ξ dφ22
B2S5 = −L
2κ
2
(
sin4 θ sin(2ξ)
1 + κ2 sin4 θ sin2 ξ
dφ1 ∧ dξ + 2 sin θ cos θ
1 + κ2 sin2 θ
dψ ∧ dθ
)
. (8)
Our next task would be to explore light like geodesics parametrized as,
t = t(ς), ψ = ψ(ς), θ = 0, % = 0. (9)
Using (9), the action corresponding to the null geodesic associated with the relativistic
point particle turns out to be,
S =
L2
2
∫
dςe−1(−t˙2 + ψ˙2). (10)
In order to explore the trajectory in the light cone frame, we introduce the following
set of coordinates,
x± =
1
2
(t± ψ) (11)
which yields the following metric in the light cone frame,
ds2 = −4L2dx+dx−. (12)
Using (12), the equations of motion could be formally expressed as,
x¨± = 0 (13)
which is trivially solved for the choice,
x+ = C, x− = ς. (14)
In order to explore the geometry near this null trajectory, we introduce following
coordinates [11],
X+ =
x+
µ
, X− = µL2x−, % =
R
L
, θ =
Θ
L
(15)
and set the limit, L→∞. Here, µ is some mass scale introduced into the theory in order
to maintain proper canonical dimension for the coordinates.
Using (11) and (15), we can finally express the background metric in the following
form,
ds2 = −4dX+dX− − µˆ2(Θ2 +R2)(dX+)2 + dR2 +R2dΩ23
+dΘ2 + Θ2dΩ˜23 +
1
L2
(∆G)2 + α2(∆S)2 +O(1/L4)
5
(∆G)2 =
Θ4
3
(µ2(dX+)2 − dΩ˜23)−R2dR2 − 2(R2 −Θ2)dX+dX−
dΩ23 = dζ
2 + cos2 ζdψ21 + sin
2 ζdψ22
dΩ˜23 = dξ
2 + cos2 ξdφ21 + sin
2 ξdφ22 (16)
where we identify,
µˆ = µ
√
1 + κ2 = µ
(1 + η2)
(1− η2) (17)
as being the rescaled mass parameter of the theory.
However, the significant contribution appears in the last term in (16) where we identify
the following entity3
α2 =
κ2
L2
(18)
as being the additional dimensionful parameter of the theory that eventually contributes
a term
(∆S)2 = R2dR2 −Θ2dΘ2 − µ2
(
R4 − 4
3
Θ4
)
(dX+)2 − 2(R2 −Θ2)dX+dX−
−µ2κ2(R4 −Θ4)(dX+)2 (19)
in the metric near the Penrose limit at leading order in L−2.
Before we proceed further, it is indeed worthwhile to explore the above background
(16) in the limit, κ→ i with a proper rescaling of the coordinates namely,
R→ R√
ε
, Θ→ Θ√
ε
, |ε|  1 (20)
such that the corresponding metric in the pp wave limit turns out to be,
ds2 = −4dX+dX− − µ2(ZI)2(dX+)2 + 1
ε
(dZI)2, I = 1, ..8. (21)
We now focus on the NS-NS sector of the theory and express the two forms as 4,
B2AdS5 =
κR4
L2
cos ζ sin ζdψ1 ∧ dζ + µκR
(
1 +
κ2R2
L2
)
dX+ ∧ dR
+
κR
µL2
dX− ∧ dR +O(1/L4)
B2S5 = −κΘ
4
L2
cos ξ sin ξdφ1 ∧ dξ − µκΘ
(
1− Θ
2
3L2
(2 + 3κ2)
)
dX+ ∧ dΘ
+
κΘ
µL2
dX− ∧ dΘ +O(1/L4). (22)
3One could think of the pp wave limit for the κ deformed background as an expansion in the parameter
α such that |αL|  1 for finite background deformation κ.
4As we shall see shortly, the NS-NS sector associated with the η deformations is a total derivative
term and therefore does not contribute to the stringy dynamics in the strict pp wave limit. It contributes
only in the next to leading order in the pp wave limit.
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Before we conclude this Section, a few important points are worthwhile to be men-
tioned. It should be noticed that at leading order in the Penrose limit, the κ deformation
does not add anything non trivially to the stringy spectrum except for the rescaling of
the mass parameter (µ) of the theory. On the other hand, the background deformations
start contributing non trivially only at subleading order in the large L expansion. There-
fore, in order to find non trivial contributions due to κ deformations one must go beyond
the pp wave limit and compute the Hamiltonian at subleading order in 1/L expansion.
However, before we proceed further, it is always instructive to explore the standard light
cone quantization [11] for strings propagating over κ deformed AdS5 × S5.
2.2.2 Light cone quantization
Before we proceed further, it is important re-emphasize the connection between the con-
served quantities (associated with the so called global coordinates (t, ψ)) namely the
energy (E = i∂t) and the angular momentum (J = −i∂ψ) to that with the newly intro-
duced light cone coordinates (X±) and their conjugate variables. The variable conjugate
to X+ could be formally expressed as,
Hlc = i∂X+ =
2µˆ√
1 + κ2
(i∂t + i∂ψ) ≡ µˆ√
1 + κ2
(E − J) (23)
which in turn implies that for η deformed strings the corresponding light-cone Hamiltonian
could be obtained after a proper rescaling of the following form,
Hˆlc =
√
1 + κ2Hlc = µˆ(E − J). (24)
On the other hand, the other conjugate momenta could be formally expressed as,
2P+ = −P− = i∂X− = 2
√
1 + κ2
µˆL2
(E + J). (25)
Clearly, one should notice that in order to define states with non zero momenta P+, one
must therefore set the angular momentum to be large namely, J ∼ L2 in the corresponding
pp wave limit.
The purpose of this Section is to explore the so called Light cone quantization corre-
sponding to bosonic string theory on deformed AdS5 × S5 in the presence of NS fluxes.
In our analysis, we focus over the background (16),
ds2 = −4dX+dX− − µˆ2((Z iR)2 + (ZmΘ )2)(dX+)2 + (dZ iR)2 + (dZmΘ )2
B2 = µκ(Z iRdX+ ∧ dZ iR −ZmΘ dX+ ∧ dZmΘ ) (26)
obtained by taking a Penrose limit to the original metric which is essentially the geometry
seen by the boosted string travelling along a light like trajectory passing through an
equator of the deformed S5. Notice that, here the Cartesian coordinates, {Z i,mR,Θ} with
i = 1, .., 4 and, m = 5, .., 8 span the eight dimensional space transverse to the null geodesic.
As a consequence of this, like in the AdS5×S5 example [11], the original SO(8) symmetry
is broken down to two copies of SO(4).
Typically, in a light-cone quantization one starts with the following gauge namely,
X+ = τ (27)
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which eventually eliminates the light cone variables X± and projects the theory on the
eight dimensional transverse space.
Our next task would be to construct the action,
SP =
√
λˆ
2pi
∫
d2σLP (28)
corresponding to the bosonic sector of the full superstring theory. Notice that, here
λˆ = L
4
α′2 (1 + κ
2) is the modified t’Hooft coupling in the theory with η deformations [30].
The corresponding Polyakov Lagrangian could be formally expressed as5,
LP = (Z˙ iR)2 + (Z˙mΘ )2 − (Z
′i
R)
2 − (Z ′mΘ )2 − µˆ2((Z iR)2 + (ZmΘ )2)− µκZ iRZ
′i
R + µκZmΘZ
′m
Θ
= LR + LΘ (29)
that essentially decouples into two mutually non interacting Lagrangians corresponding
to two massive scalar fields. Therefore for the purpose of our present analysis, it is in
fact sufficient two focus on one of these scalar sectors where the other sector essentially
follows quite trivially.
We focus on the Lagrangian of the following form,
LP = 1
2
(Z˙2a −Z
′2
a − µˆ2Z2a + γaµκZaZ ′a) (30)
where, we have suppressed the indices i,m for the moment and the other index a runs
over two variables namely, R and Θ. Here, γa = ±1 depending on which of the scalar
sectors we solve. However, one should notice that the last term in (30) is a total derivative
term which therefore never appears in the equations of motion.
In the following we note down the corresponding equation of motion,
Z¨a −Z ′′a + µˆ2Za = 0 (31)
where, as we mentioned above, the contribution due to NS fluxes clearly vanishes and one
might therefore drop out the indices a as well. The most general solution in the usual
oscillator mode expansion could be formally expressed as,
ZI(σ, τ) = cos(µˆτ)x
I
0
µˆ
+ sin(µˆτ)
pI0
µˆ
+
∑
n6=0
CIn(σ)e
−jwnτ , I = 1, .., 8
CIn(σ) =
j√
2wn
(cIne
jKnσ + dIne
−jKnσ), j =
√−1. (32)
Imposing the closed string boundary condition,
ZI(τ, σ) = ZI(τ, σ + 2piα′P+) (33)
the corresponding dispersion relation could be formally expressed as,
wn =
√
µˆ2 + K2n =
√
µˆ2 +
( n
α′P+
)2
= µˆ
√
1 +
λ
(η)
D n
2
J2
; λ
(η)
D =
λˆ
(1 + κ2)2
= λˆ
(1− η2)4
(1 + η2)4
Kn =
n
α′P+
' n
α′
µˆL2
J
√
1 + κ2
=
nµˆ
√
λˆ
J(1 + κ2)
. (34)
5Here, we have used the following notation namely, Z˙ = ∂τZ and Z ′ = ∂σZ.
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Remember that (34) is the spectrum created by eight transverse bosonic oscillators
acting on the ground state since for each value of a we have four bosonic creation operators.
The above analysis therefore clearly suggests that atleast for the bosonic sector, the stringy
spectrum associated with the η deformed plane wave background is exactly identical
to that with the corresponding stringy spectrum associated with the pp wave limit of
AdS5 × S5 superstring sigma model.
The corresponding canonical momentum could be expressed as,
PI = −xI0 sin(µˆτ) + pI0 cos(µˆτ) +
∑
n6=0
√
wn
2
(cIne
−j(wnτ−Knσ) + dIne
−j(wnτ+Knσ)). (35)
Finally, we note down the corresponding canonical Hamiltonian density in the light
cone gauge,
Hpplc = PIZ˙I − LP (36)
which yields the total Hamiltonian associated with the pp wave background,
Hˆlc =
∫
dσ((PI)2 + (∂σZI)2 + µˆ2(ZI)2) =
∫
dσHpplc . (37)
By introducing creation and annihilation operators one could finally express the stringy
spectrum in the light-cone gauge as,
Eˆlc = µˆN0 + µˆ(Nn + N˜n)
√
1 +
λ
(η)
D n
2
J2
(38)
where, N0 is the occupation number corresponding to zero modes and Nn and N˜n are
respectively the number of left movers and the right movers corresponding to non zero
modes (n 6= 0) subjected to the level matching constraint, Nn = N˜n.
2.2.3 A note on the RR sector
The purpose of this Section is to explore the pp wave limit in the presence of non zero
RR couplings, F = eΦF [29]. The presence of the RR fields modifies the scale invariance
equations (3) for the metric and the NS two forms by adding an extra piece that is
quadratic in the RR couplings6 (Fi (i = 1, 3, 5)). The scale invariance equations for RR
fields, on the other hand, turn out to be quadratic in the derivative that precisely reduces
to that of the standard first order form of type IIB equations in the limit, Ia = Ua = 0.
For the purpose of our analysis, we would first express the RR one and three form
couplings [29] in the pp wave limit. A careful analysis reveals,
F1 ∼ O
(
1
L4
)
F3 ∼ O
(
1
L2
)
(39)
6Here, Fi = eΦFi are the effective RR couplings that appear in the GS superstring action at quadratic
order in fermions.
9
which therefore do not contribute in the strict pp wave limit. On the other hand, the five
form field strength turns out to be,
F5 = 4µc%3
√
1 + κ2 sin ζ cos ζdX+ ∧ dψ2L ∧ dψ1L ∧ dζL ∧ dR
−4µcθ3
√
1 + κ2 sin ξ cos ξdX+ ∧ dφ2L ∧ dφ1L ∧ dξL ∧ dΘ +O(1/L2) (40)
where, µc = µL is a dimensionless combination and the entities like ψ2L and φ2L are intro-
duced as new dimensionful coordinates in the pp wave limit. At this stage, it is worthwhile
to mention that unlike the case for AdS5 × S5 superstrings, we do not have individual
informations on dilaton (Φ) as well as the RR five form (F5) in the case for η deformed
superstrings [29]. The only information we have is through the combination, eΦF5 which
has its source in the quadratic fermionic coupling associated to GS superstrings.
2.2.4 Remarks on type IIB solutions
The purpose of this Section is to explore (generalized) type IIB equations [29] in the pp
wave limit discussed so far. The scale invariance associated with the η deformed strings
implies the following β functions corresponding to the metric and the NS-NS two form
namely,
βGab = Rab −
1
4
HacdH
cd
b − Tab(Fi) +DaXb +DbXa
βBab =
1
2
DkHkab +Kab(Fi)−XkHkab −DaXb +DbXa
βXab = R−
1
12
H2abc + 4DaX
a − 4XaXa (41)
where, the functions Tab and Kab are precisely the contributions appearing from the RR
couplings associated with the GS action [29].
A careful analysis reveals that in the pp wave limit,
X =
4κµˆ√
1 + κ2
dX+ +O(1/L2). (42)
Using (42), and based on our analysis in the previous Sections, it is quite obvious to
note down the following,
βGab ' Rab −FacdefFb cdef +O(1/L2)
βBab ∼ O(1/L2)
βXab ∼ O(1/L2) (43)
which reduce to that of the ordinary type IIB equations in the presence of RR five form
coupling, F5.
2.3 Beyond pp wave limit
The purpose of this Section is to derive the light-cone Hamiltonian corresponding to the
bosonic strings propagating over the background (16) and to calculate the 1/L2 corrections
to the light-cone Hamiltonian. This will eventually determine the first order shift in the
energy spectrum (34) due to curvature corrections near the Penrose limit.
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In order to do that, we first rewrite the background metric (16) in the following form
namely,
ds2 = G+−dX+dX− + G++(dX+)2 + G
(R)
ij dZ iRdZjR + G(Θ)mndZmΘ dZnΘ +O(1/L4) (44)
where, the individual metric components could be formally expressed as,
G+− = −4− 2
L2
(1 + κ2)(ZI)2, (ZI)2 = (Z iR)2 + (ZmΘ )2
G++ = −µˆ2(ZI)2 + µ
2
3L2
(ZmΘ )2(ZnΘ)2 −
µˆ2κ2
L2
(Z iR)2(ZjR)2
+
µ2κ2
L2
(
4
3
+ κ2
)
(ZmΘ )2(ZnΘ)2
G
(R)
ij = δij
(
1− (1− κ
2)
L2
Z iRZjR
)
− (1− κ
2)
L2
Z iRZjR , i, j = 1, .., 4
G(Θ)mn = δmn
(
1− 1
3L2
((ZkΘ)2 −ZmΘZnΘ)−
κ2
L2
ZmΘZnΘ
)
+
1
L2
(
1
3
− κ2
)
(ZmΘ )(ZnΘ) , m, n = 5, .., 8. (45)
Our next task would be to express the NS fluxes (22) in an appropriate basis of
{X±,Z iR,ZmΘ }. In order to do that, we first note down the mapping between the angular
and the Cartesian (Z iR) variables namely7,
Z1R = cosψ1 sin ζ, Z2R = sinψ1 sin ζ
Z3R = cosψ2 cos ζ, Z4R = sinψ2 cos ζ (46)
where, we have set the radius of the three sphere, R =
√Z iRZ iR = 1. From (46) it is
trivial to find the following mapping between the coordinates,
ζ = tan−1
√
(Z1R)2 + (Z2R)2
(Z3R)2 + (Z4R)2
= Π(R)(Z1R,Z2R,Z3R,Z4R)
ψ1 = tan
−1
(Z2R
Z1R
)
= Ω(R)(Z1R,Z2R). (47)
A similar analysis reveals,
ξ = tan−1
√
(Z5Θ)2 + (Z6Θ)2
(Z7Θ)2 + (Z8Θ)2
= Π(Θ)(Z5Θ,Z6Θ,Z7Θ,Z8Θ)
φ1 = tan
−1
(Z6Θ
Z5Θ
)
= Ω(Θ)(Z5Θ,Z6Θ). (48)
7Similar arguments follow quite trivially for the other set of variables {ZmΘ } where, m = 5, 6, 7, 8.
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Using (47) and (84), the NS fluxes could be formally expressed as,
B2AdS5 =
κ
L2
(Z lR)2(ZjR)2 cos Π(R) sin Π(R)∂aΩ(R)∂iΠ(R)dZaR ∧ dZ iR
+µκZ iR
(
1 +
κ2(ZjR)2
L2
)
dX+ ∧ dZ iR +
κ
µL2
Z iRdX− ∧ dZ iR +O(1/L4)
B2S5 = − κ
L2
(ZpΘ)2(ZnΘ)2 cos Π(Θ) sin Π(Θ)∂kΩ(Θ)∂mΠ(Θ)dZkΘ ∧ dZmΘ
−µκZmΘ
(
1− (Z
n
Θ)
2
3L2
(2 + 3κ2)
)
dX+ ∧ dZmΘ +
κ
µL2
ZmΘ dX− ∧ dZmΘ +O(1/L4) (49)
where, the indices, a = 1, 2, i, j = 1, 2, 3, 4, k = 5, 6 and m,n = 5, 6, 7, 8 are perfectly
consistent with our previous notations.
Our next task would be to use (45, 49) inorder to calculate the curvature corrections
to the world sheet Hamiltonian in the light-cone gauge (27). We start with the Polyakov
Lagrangian [6] of the following form,
LP = 1
2
(hab∂aX
µ∂bX
νGµν − ab∂aXµ∂bXνBµν) (50)
where, the indices (a, b) label the world-sheet coordinates σ and τ . Here, ab is the anti-
symmetric tensor with the convention, τσ = −στ = 1. Moreover, here hab = √−γγab is
built out of the world-sheet metric such that,
√−γ = 1 and there are only two independent
components of the metric8.
The canonical momentum is defined as,
Pµ = ∂LP
∂X˙µ
= haτ∂aX
νGµν − τa∂aXβBµβ (51)
which could be solved in order to obtain,
X˙µ =
1
hττ
Gµν
(Pν + BνβX ′β)− hτσ
hττ
X ′µ. (52)
Using (52), the canonical Hamiltonian,
Hlc = PµX˙µ − LP (53)
could be formally expressed as,
Hlc = 1
2hττ
(PµGµνPν +X ′µGµνX ′ν + GµαBαλBµνX ′λX ′ν)
−h
τσ
hττ
PµX ′µ + 1
hττ
GµαPαX ′νBµν . (54)
8At this stage it is noteworthy to point out that the conformal gauge condition namely choosing the
world sheet metric to be flat, hab = (−1,+1) is not a consistent choice beyond the pp wave limit. It turns
out that in order to maintain the light-cone gauge (27) one must therefore take into account curvature
square corrections to the world-sheet metric hab [6].
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Our next task would be to consider Virasoro constraints,
Tττ =
1
2
(hττ )2X˙µX˙νGµν + h
τσhττX˙µX ′νGµν +
(
1 +
1
2
hττhσσ
)
X ′µX ′νGµν = 0
Tτσ =
1
2
hτσ
(
hττX˙µX˙ν + hσσX ′µX ′ν
)
Gµν + h
ττhσσX˙µX ′νGµν = 0. (55)
Using (52), one could in fact rewrite the above constraints (55) as,
PµGµνPν + 2PµGµλBλνX ′ν + GµνBµλBνβX ′λX ′β +X ′µX ′νGµν = 0
PµX ′µ = 0. (56)
In order to proceed further, we choose the light cone gauge [6],
X+ = τ, P− = C (57)
and split the constraints (56) explicitly into light cone coordinates which yields the fol-
lowing set of equations,
P−X ′− + PIZ ′I = 0, (58)
G++P 2+ + 2G
+−P+P− + G−−P 2− + G
ijPiPj + GmnPmPn + 2P+G++B+IZ ′I
2P+G
+−B−IZ ′I + 2P−G−+B+IZ ′I + 2P−G−−B−IZ ′I + 2PiGijBjaZ ′aR + 2PmGmnBnkZ
′k
Θ
+(G++B+IB+J + 2G
+−B+IB−J)Z ′IZ ′J + GIJBI−BJ−(X ′−)2 + 2GijBiaBj−X ′−Z ′aR
+GijBiaBjbZ ′aRZ ′bR + 2GmnBmkBn−X ′−Z ′kΘ + GmnBmkBnpZ ′kΘZ ′pΘ
+Z ′iRZ ′jRGij + Z ′mΘ Z ′nΘGmn = 0(59)
where the indices, I, J = 1, .., 8 run over all the eight spatial indices. All the remaining
indices are already defined below (49). At this stage, it is noteworthy to mention that
the terms proportional to B±I are not important as far as the dynamics is concerned.
This is due to the fact that these correspond to the near pp wave expansion of the total
derivative term in the B field (6) expressed in the light cone coordinates. Therefore, for
the purpose of our rest of the analysis we simply drop these terms.
It is now quite trivial to solve X ′− from (58) and substitute it back into (59) which
finally yields the light-cone Hamiltonian in the so called transverse coordinates. However,
one should notice that for G−− = 0 the above equation becomes linear [6] in the light-cone
momentum (P+) which finally yields
9,
Hlc = −(G
−−C2 +K(ZI ,PI))
2G+−C
(60)
which clearly maps to that of the light-cone Hamiltonian of the AdS5 × S5 strings [21]
in the limit of the vanishing deformation, κ → 0. The function, K(ZI ,PI) on the other
hand, could be easily read off from (59) which essentially contains terms both linear as
well as quadratic in the B field. A careful analysis reveals that terms quadratic in the B
field always contribute at higher orders in 1/L2. Therefore these terms are not important
9One should notice that for η deformation, the background metric, G−− is identically zero at order
1/L2. This is similar to that of the AdS5 × S5 background [6].
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at next to leading order in the near Penrose limit. The reason for this rests on the fact
that B fields start contributing only beyond the Penrose limit. In the Penrose limit, as we
have seen previously, the B field contributions to the Polyakov action appear as a total
derivative and hence they are not important. A careful analysis reveals10,
K(ZI ,PI) = (PI)2 + +(Z ′I)2 + 1
L2
Λ(ZI ,PI) +O(1/L4) (61)
which could be further used in order to re-express (60) as,
Hlc = Hpplc +
2
L2
∆H +O(1/L4) (62)
where, the leading order curvature correction near the pp wave limit could be formally
expressed as,
∆H = (1 + κ
2)
4
((PI)2 + (Z ′I)2)(ZI)2 + Λ
2
− µ
2
4
(1 + κ2)2(ZI)4 − 1
2
GPP
GPP = µ
2
3
(ZmΘ )2(ZnΘ)2 − µˆ2κ2(Z iR)2(ZjR)2 + µ2κ2
(
4
3
+ κ2
)
(ZmΘ )2(ZnΘ)2 (63)
subjected to the fact that we have set the constant, C = 4. Here, Hpplc corresponds to the
usual light-cone Hamiltonian (37) associated to the sigma model in the pp wave limit.
Once expressed in terms of the creation and annihilation operators, the leading curvature
square (1/L2) correction to the above bosonic Hamiltonian (62) would correspond to 1/J
corrections to the string pp wave spectrum. However, this is not the end of the story since
the fermionic counterpart for η deformed superstrings are yet to be explored. Finally, one
should also notice that like in the case for the AdS5×S5 superstrings, adding corrections
beyond 1/L2 regime might lead us towards a more delicate situation where one might
encounter the problem of dealing with the square root of the Hamiltonian due to non
vanishing metric component G−−.
3 A note on the uniform gauge
3.1 The Hamiltonian formulation
The purpose of this part of the analysis is to explore the Hamiltonian formulation for the
η deformed strings in the so called uniform gauge [20] and to check the corresponding
BMN limit. To start with, we consider the following change of coordinates,
% = sinh ρ (64)
which yields the deformed AdS5 part of the metric as,
ds2(AdS5)κ = −
cosh2 ρ
(1− κ2 sinh2 ρ)dt
2 +
dρ2
(1− κ2 sinh2 ρ) +
sinh2 ρdζ2
1 + κ2 sinh4 ρ sin2 ζ
+
sinh2 ρ cos2 ζ
1 + κ2 sinh4 ρ sin2 ζ
dψ21 + sinh
2 ρ sin2 ζdψ22. (65)
10The exact expression for the function Λ(ZI ,PI) has been provided in the Appendix.
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Next, we define the following reparametrization [20],
cosh ρ =
1 + z
2
4
1− z2
4
= Q(z) (66)
which yields the following metric,
ds2(AdS5)κ ' −
Q2(z)
D(z) dt
2 +
1(
1− z2
4
)2 (δij + κ2N 2(z)z2D(z) zizj
)
dzidzj +O(κ2ρ4)
' −Gttdt2 + Gijdzidzj +O(κ2ρ4); i, j = 1, .., 4
D(z) = 1− κ2N 2(z) = 1− κ
2z2
(1− z2/4)2 (67)
subjected to the fact that we have boosted the string along the light like geodesic namely,
t = ψ, ρ ∼ θ ∼ 0 as discussed earlier. This is exactly the pp wave limit considered earlier.
However, here we are using a different set of coordinates to parametrize the background
solutions. Notice that, with this choice of parametrization, the pp wave limit corresponds
to setting, z ∼ 0. Finally, with the choice,
cos θ =
1− y2
4
1 + y
2
4
= R(y) (68)
the metric corresponding to the deformed S5 turns out to be,
ds2(S5)κ '
R2(y)
Dˆ(y) dψ
2 +
1(
1 + y
2
4
)2
(
δmn − κ
2Nˆ 2(y)
y2Dˆ(y) ymyn
)
dymdyn +O(κ2θ4)
' Gψψdψ2 + Gmndymdyn +O(κ2θ4); m,n = 6, .., 9
Dˆ(y) = 1 + κ2Nˆ 2(y) = 1 + κ
2y2
(1 + y2/4)2
. (69)
Notice that the NS-NS two forms do not contribute in this limit which is consistent with
our previous observation.
The corresponding Polyakov Lagrangian turns out to be,
LP =
√
λˆ
2
γαβ
(Gtt∂αt∂βt− Gij∂αzi∂βzj − Gψψ∂αψ∂βψ − Gmn∂αym∂βyn) (70)
where, γαβ =
√−hhαβ is the world sheet metric in the Minkowski signature and
√
λˆ(=√
λ
√
1 + κ2) is the κ corrected t’Hooft coupling [30] as mentioned previously.
Following the original arguments [20], our next step would be to recast the above
Lagrangian in terms of canonical momenta. In order to do that, we first note down the
canonical momenta as,
pt =
√
λˆGtt(γττ t˙+ γστ t′)
pzi ≡ pi = −
√
λˆGij(γττ z˙j + γστz′j)
pψ = −
√
λˆGψψ(γττ ψ˙ + γστψ′)
pzm ≡ pm = −
√
λˆGmn(γττ y˙n + γστy′n). (71)
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Using (71), one could rewrite the Polyakov Lagrangian (70) as,
LP = ptt˙+ piz˙i + pmy˙m + pψψ˙ − 1
2
√
λˆγττ
(
p2t
Gtt − G
ijpipj − Gmnpmpn −
p2ψ
Gψψ
)
−
√
λˆ
2γττ
(
Gttt′2 − Gijz′iz′j − Gmny′my′n − Gψψψ′2
)
+
γτσ
γττ
(
ptt
′ + pψψ′ + piz′i + pmy′m
)
(72)
subjected to the fact, detγ−1 = −1 together with the inverse metrics as,
Gij =
(
1− z
2
4
)2(
δij − κ
2N 2(z)
z2D(z) z
izj
)
Gmn =
(
1 +
y2
4
)2(
δmn +
κ2Nˆ 2(y)
y2Dˆ(y) y
myn
)
. (73)
Our next task would be to fix the uniform gauge by imposing the following conditions,
t = τ, pψ = J (74)
which eventually maps the space time energy density of strings to that with the Hamil-
tonian density associated to the physical degrees of freedom of the world-sheet theory,
pt = H. (75)
Our goal would be to compute H in terms of physical degrees of freedom of the world-
sheet. In order to do that, we first remove the non-physical d.o.f. of the world-sheet
theory by imposing the above gauge fixing conditions11 (74),
ψ′ = − 1
J
(piz
′i + pmy′m) (76)
which could be integrated further in order to obtain,
ψ(2pi)− ψ(0) = 2pim = 1
J
∫ 2pi
0
(piz
′i + pmy′m)dσ (77)
where, m is some integer known as the winding number.
Varying the Lagrangian (72) w.r.t. γττ yields the square of the Hamiltonian corre-
sponding to η deformed strings,
H2 = GttGψψ J
2 +
λˆ
J2
GttGψψ
(
9∑
I=1,I 6=5
pIz
′I
)2
+
λˆGtt(z′i)2(
1− z2
4
)2 + Gtt(1− z24
)2
p2i
+
Gttκ2N 2(z)
z2D(κ2, z)
(
λˆ(z′izi)2(
1− z2
4
)2 − (1− z24
)2
(zip
i)2
)
+
λˆGtt(y′m)2(
1 + y
2
4
)2 + Gtt(1 + y24
)2
p2m
−Gttκ
2Nˆ 2(y)
y2Dˆ(κ2, y)
 λˆ(y′mym)2(
1 + y
2
4
)2 − (1 + y24
)2
(ymp
m)2
 . (78)
11Upon imposing the gauge fixing (74), the equation of motion corresponding to γτσ becomes a con-
straint equation which further eliminates the non-physical d.o.f. in the system.
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Clearly, the Hamiltonian is a function of eight (transverse) physical variables (zi, ym) once
we substitute the constraint (76) in order to eliminate the unphysical degrees of freedom.
One should notice that, like in the case for AdS5× S5 superstrings, the background (67)-
(69) is invariant under SO(4)× SO(4) of the full R- symmetry group of the undeformed
AdS5 × S5 superstring theory. This we have witnessed earlier in the analysis with a
different choice of coordinates. As a consequence of this, the resulting Hamiltonian (78)
is also invariant under SO(4)× SO(4).
3.2 The BMN limit
We now focus closely on the BMN limit [1] of the theory. As we noted earlier, the BMN
limit is defined through the limit, J →∞ while keeping the ratio, λ˜ = λ
J2
finite and less
than unity. In order to make connection with the pp wave Hamiltonian (37), we rescale
our coordinates as [20],
zi → zi√
J
, ym → ym√
J
, pi →
√
Jpi, pm →
√
Jpm. (79)
In order to obtain the pp wave Hamiltonian, we expand (78) for the case of short
strings with (m = 0) zero winding number around the circle parametrized by the angular
coordinate, ψ and keeping the effective coupling, λ˜ finite [20]. This finally yields,
H = E = J +Hpp +O(1/J) (80)
where, the entity,
Hpp = 1
2
(
p2i + p
2
m +
λˆ
J2
((z′i)2 + (y′m)2) + (1 + κ2)(z2 + y2)
)
(81)
is the corresponding pp wave Hamiltonian density for short strings that reduces to that of
[20] in the limit of the vanishing (κ→ 0) deformations. The terms O(1/J) correspond to
corrections appearing beyond the standard pp wave limit that we had discussed previously.
4 Remarks on HT background
4.1 The pp wave limit
As mentioned previously, the ABF [26] background (6) is special in the sense that it is
related to an exact type IIB supergravity (HT) background [28] via T duality transfor-
mation that involves the metric, an imaginary five form and the dilaton. We first note
down the metric which could be formally expressed as [28],
dsˆ2
L2
= −1− κ
2%2
1 + %2
dtˆ2 +
d%2
(1 + %2)(1− κ2%2) +
dψˆ21
%2 cos2 ζ
+ (%dζ + κ% tan ζdψˆ1)
2 +
dφˆ22
r2 sin2 ξ
+
dψˆ22
%2 sin2 ζ
+
1 + κ2r2
(1− r2) dψˆ
2 +
dr2
(1− r2)(1 + κ2r2) +
dφˆ21
r2 cos2 ξ
+ (rdξ − κr tan ξdφˆ1)2.(82)
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In order to take the Penrose limit, we consider the following expansion,
tˆ = µX+ +
X−
µL2
, ψˆ = µX+ − X
−
µL2
, φˆ1 =
Φˆ1
µL2
, φˆ2 =
Φˆ2
µL2
,
% =
Rˆ
L
, r =
rˆ
L
, ζ = ζˆ , ξ = ξˆ, ψˆ1 =
Ψˆ1
µL2
, ψˆ2 =
Ψˆ2
µL2
(83)
which yields the pp wave metric of the following form,
dsˆ2 = −4dX+dX− + µ2(1 + κ2)(Rˆ2 + rˆ2)(dX+)2 + dRˆ2 + Rˆ2dζˆ2 + drˆ2 + rˆ2dξˆ2
+
dΨˆ21
µ2Rˆ2 cos2 ζˆ
+
dΨˆ22
µ2Rˆ2 sin2 ζˆ
+
dΦˆ21
µ2rˆ2 cos2 ξˆ
+
dΦˆ22
µ2rˆ2 sin2 ξˆ
+O(1/L2)
= −4dX+dX− + µˆ2(ZˆI)2(dX+)2 + (dZ i(Rˆ))2 + (dZm(rˆ))2 +
dΨˆ21
µ2(Z2
(Rˆ)
)2
+
dΨˆ22
µ2(Z1
(Rˆ)
)2
+
dΦˆ21
µ2(Z4(rˆ))2
+
dΦˆ22
µ2(Z3(rˆ))2
+O(1/L2) (84)
where, (ZˆI)2 = (Z i
(Rˆ)
)2 + (Zm(rˆ))2, (I = 1, ..4, i = 1, 2, m = 3, 4) is the four dimensional
vector that spans the four dimensional space transverse to the remaining six directions .
Next, we note down the dilaton,
Φ = Φ0 − log
(
%2r2 sin 2ζ sin 2ξ
)
+O(1/L2) (85)
that eventually turns out to be a regular function in the strict pp wave limit.
Finally, we note down the RR five form coupling of the theory,
F5 = 4ir
µc%2 sin ζ cos ζ
dX+ ∧ dΨˆ2 ∧ dΨˆ1 ∧ dξˆL ∧ drˆ
− 4i%
µcr2 sin ξ cos ξ
dX+ ∧ dΦˆ2 ∧ dΦˆ1 ∧ dζˆL ∧ dRˆ +O(1/L2) (86)
where, ξˆL and ζˆL are the new dimensionful coordinates in the pp wave limit .
4.2 Closed string spectrum
With the above set up in hand, our next task would be to explore the sigma model in the
presence of the background metric (84) and the dilaton (85). However, the dilaton term
does not contribute once we fix the Weyl invariance by imposing the conformal gauge
conditions. The resulting Polyakov Lagrangian turns out to be,
LˆP = ( ˙ˆZI)2 − (Zˆ ′I)2 +
˙ˆ
Ψ21 − Ψˆ′21
µ2(Z2
(Rˆ)
)2
+
˙ˆ
Φ21 − Φˆ′21
µ2(Z4(rˆ))2
+
˙ˆ
Ψ22 − Ψˆ′22
µ2(Z1
(Rˆ)
)2
+
˙ˆ
Φ22 − Φˆ′22
µ2(Z3(rˆ))2
− µˆ2(ZˆI)2. (87)
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The resulting sets of equations of motion turn out to be 12 13,
(− µˆ2)ZIδI,n − (X˙
a)2 − (X ′a)2
µ2(Zn)3 = 0
X a − 2∂αX a∂α log µZn = 0, (88)
subjected to the following boundary conditions,
∂σZnδZn|σ=2piσ=0 = 0,
1
µ2Z2n
∂σXaδX a|σ=2piσ=0 = 0. (89)
Here, n = 1, 2, 3, 4 and a runs over the remaining four indices. Unlike the case for the
η model, the pp wave dynamics associated to HT background turns out to be quite non
trivial due to the presence of various self interaction terms in the corresponding Lagrangian
(87). In other words, the classical stringy dynamics over HT backgrounds turns out to
be highly interacting even in the pp wave limit which makes the theory difficult to solve.
However, the dynamics simplifies a lot in the limit, |µL|  1 and one approximately
recovers the plane wave dispersion relation of the form,
w2n '
n2λ
J2
+ µˆ2
w2a ' K2a. (90)
5 Summary and final remarks
We now conclude our analysis with some final remarks on the implications of the results
obtained in this paper. The purpose of the present analysis was to explore the Penrose
limit associated with the η deformed string sigma model [26] and compute the correspond-
ing stringy spectrum for the bosonic sector. Our analysis reveals that as far as the bosonic
sector is concerned, except for a trivial rescaling of the mass parameter of the theory, the
string sigma model corresponding to η deformations behaves quite analogously to that
with the corresponding sigma model associated to AdS5×S5 superstrings in the pp wave
limit. It turns out that all the ambiguities associated with the type IIB nature of the
background solutions are smoothly washed away and the effective dilaton beta function
is zero in the pp wave limit. In order to clarify our results in a better way, we further
compute the pp wave Hamiltonian for η deformed strings using the uniform gauge con-
ditions and obtain identical results while probing the sigma model associated with short
strings. Finally, we also explore the pp wave limit associated with HT background and
explore the corresponding closed string spectrum in that limit.
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Appendix: Exact expression for the function Λ(ZI ,PI)
In the following we provide an exact expression for the function Λ(ZI ,PI) that appears
in the expression for the Hamiltonian (60) beyond the pp wave limit.
Λ(ZI ,PI) = (1− κ2)(
4∑
i=1
(Z iR)2P2i +
1
2
∑
i 6=j
(Z iRPi)(ZjRPj)) + κ2
8∑
m=5
(ZmΘ )2P2m
+
1
3
8∑
m=5
δmn((ZkΘ)2 −ZmΘZnΘ)PmPn −
1
2
(
1
3
− κ2
)∑
m 6=n
(ZmΘPm)(ZnΘPn)
+2κ
4∑
i,j,l=1
2∑
a=1
Pi(Z lR)2(ZjR)2 cos Π(R) sin Π(R)∂aΩ(R)∂iΠ(R)Z ′aR
−2κ
8∑
m,n,p=5
6∑
k=5
Pm(ZpΘ)2(ZnΘ)2 cos Π(Θ) sin Π(Θ)∂kΩ(Θ)∂mΠ(Θ)Z ′kΘ
−(1− κ2)
4∑
i=1
(Z iR)2(Z ′iR)2 − (1− κ2)
∑
i 6=j
(ZiRZ ′iR)(ZjRZ ′jR)
−1
3
(
8∑
k,m=5
(ZkΘ)2(Z ′mΘ )2 −
8∑
m=5
(ZmΘ )2(Z ′mΘ )2
)
− κ2
8∑
m=5
(ZmΘ )2(Z ′mΘ )2
+
(
1
3
− κ2
)∑
m6=n
(ZmΘZ ′mΘ )(ZnΘZ ′nΘ ).
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